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Abstract
In vacuum, the world-line formalism is an efficient tool for calcu-
lating observables in the presence of arbitrary constant external fields.
The natural frame of this formalism is the Euclidean space. At finite
temperature the analytic continuation to Minkowski space is a subtle
task. We study the two point function in scalar QED, and we figure
out the problem of analytic continuation giving a possible solution for
it. We also show, in contrast to what was claimed in the literature,
that a translationally invariant world-line Green’s function could be
used at finite temperature.
LAPTH–866/01
1 Introduction
The study of the effect of an external field on a thermalised system is of
great importance. It is suggested [1] that a strong magnetic field could have
existed during the early stages of the Universe. This would have affected the
features of the electroweak phase transition. The effect of a magnetic field
on a relativistic QED or QCD plasma has been investigated in the literature
[2]. As this magnetic field has been generated by the phase transition, it
is not expected to have overwhelmed thermal effect [2]. On the other hand
an electric field is expected to have primordial importance due to its strong
interaction with matter and the long period over which it last. The effect of
an electric field at finite temperature has not yet been achieved.
For our study we assume that we have thermal and chemical equilibrium.
We take the chemical potential to be zero.
The world-line formalism is a well adapted tool to incorporate an external
magnetic field when calculating correlation functions. In vacuum, this for-
malism allows to obtain the n-point Green’s functions in the presence of
an external field from those in the absence of such field. In this paper we
show that such an advantage does not persist at finite temperature due to
the problem of analytic continuation. The starting point of the world-line
formalism is the Euclidean space, where the convergence of integrals is well
controlled. The simple derivation of the world-line effective action in Eu-
clidean space is balanced by the subtle analytic continuation to Minkowski
space at finite temperature. This makes ’Wick’s rotation’ very tricky. The
example of the two point Green’s function in scalar QED traces the problem
of analytic continuation to the use of Feynman parametrization. The naive
use of Feynman parametrization leads to wrong results. Hence the advan-
tage of obtaining easily the two point function in the presence of an external
field is lost. Therefore a direct calculation of the two point function, in the
presence of an external field, should be performed.
We recall that the subtleties discussed in the paper, are not applicable to
thermodynamical functions (entropy, ...). Those functions have no external
momentum and hence there is no analytic continuation to be done.
The paper is organized as follows. In the first section we review the basic
notations of the world-line formalism, and we show that a translationally
invariant Green’s function can be used at finite temperature. Then the two
point function is calculated in the world-line formalism to illustrate the rela-
tion between this formalism and Feynman parameters. Finally the problem
of analytic continuation is discussed and a possible solution is proposed.
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2 Notation and formalism
2.1 Zero temperature field theory
The one-loop effective action in a first quantized path integral form is well
known at zero temperature [3]. A finite temperature extension can be found
in the literature [4]. Recently the Hard Thermal Loop effective action was
derived in the world-line formalism [5]. In this paper we use the same no-
tation used in [4]. We do not intend here to give a complete derivation of
the effective action but rather a sketch of the important steps leading to its
final form.
At zero temperature we could proceed in the following way to get the effec-
tive action [6]:
• In Euclidean space, the starting point is the standard ’Trlog(propagator
operator)’ formula [7]:
e.g. for scalar field theory, of mass m and potential V (φ), the one loop
effective action is given by
Γeff ∼ Tr log
(
−+m2 + V ′′(φ)
)
.
• Then we use the following formula
Tr log(A) = Tr
∞∫
0
dt
t
exp(−At)
to get a form similar to the path integral obtained for the evolution
operator exp−(t− t′)H, where H is the first quantized Hamiltonian,
with a kinetic term ∼ x˙2/2 and a potential term.
By following these steps, the scalar QED one-loop effective action is found
to be [8]
Γeff [A] =
∞∫
0
dt
t
e−m
2t
∫
x(t)=x(0)
Dx(τ) exp−
t∫
0
dτ
(
x˙2
4
+ iex˙.A(x(τ))
)
. (1)
The n-point Green’s function can easily be derived by using the Fourier
transform of the photon field Aµ(x) =
∑
ǫiµe
ikix. For the above effective
action Wick’s contraction is found to be
< x|xµ(τ1)xν(τ2)|x >= −gµνG(τ1 − τ2)
2
with the convention gµν = (+,+,+,+). The one dimension translationally
invariant Green’s function G is given by:
G(τ1 − τ2) =< x| − d
2
dτ2
|x >= |τ1 − τ2| − (τ1 − τ2)
2
t
. (2)
Deriving the effective action twice with respect to ǫ and using Wick’s con-
traction, the two point function in D-dimension can easily be found:
Πµν(k) = −e
2
2
∞∫
0
dt
t
e−m
2t[4πt]−D/2
t∫
0
dτ1
t∫
0
dτ2[g
µνk2 − kµkν ]
×G˙2(τ1 − τ2) exp(−G(τ1 − τ2)k2) . (3)
where gµνk2− kµkν is the standard transverse tensorial structure of the two
point Green’s function.
2.2 Finite temperature field theory two point function
We work in scalar QED, whoever in the world-line formalism it is straight
forward to obtain spinor QED from scalar QED. In addition at high tem-
perature we can neglect the mass of the scalar particle.
At finite temperature one has to take into account the periodicity condi-
tions. The boundary condition x(t) = x(0) in the path integral of Eq. (1)
changes to xµ(t) = xµ(0) + nβwµ, with β = 1/T and wµ = (1, 0, 0, 0). We
have to sum also over the winding number ’n’ [4]. Then the effective action
at finite temperature is given by
Γβeff [A] =
∞∑
n=−∞
Γeff [A]
∣∣∣∣∣
{x(t)=x(0)}→{xµ(t)=xµ(0)+nβwµ}
(4)
We use the Fourier transform of A(x) =
∑
ǫiµe
ikix. The two point function
can be obtained by deriving the effective action twice with respect to ǫ. It is
also necessary to integrate the so called zero mode [8] by making the change
of variable: xµ(τ) = xµo + nβ
τ
tw
µ + yµ(τ) where xo is τ independent. By
integrating the zero mode, the two point function can be written as
Πµν(k, β) = −e
2
2
∞∑
n=−∞
∞∫
0
dt
t
[4πt]−2
t∫
0
dτ1
t∫
0
dτ2
exp
(
−n
2β2
4t
+
inβ
t
ko(τ1 − τ2)
)
exp(−k2G12)
{
− kµkνG˙212
3
+i
nβ
t
(wµkν + wνkµ)G˙12 + g
µνG¨12 + w
µwν
n2β2
t2
}
. (5)
Where G12 = G(τ1 − τ2), is the translationally invariant propagator given
in Eq. (2).
The zero temperature result in Eq. (3) can be obtained from Eq. (5) by
first putting n = 0, then performing a partial integration to eliminate G¨.
Hence from now on we subtract the n = 0 contribution to obtain the finite
temperature part of the two point function.
To simplify the τ1 and τ2 integration write
Πµν(k, β) ≡
∞∑
n=−∞
t∫
0
dτ1
t∫
0
dτ2fn(τ1 − τ2), (6)
where fn(τ1 − τ2) is the n-dependent expression in Eq. (5). Using the sym-
metry properties of the propagator and its derivatives, it is easy to show
that the sum over n and the integral over τ1 and τ2 can be replaced by:
∞∑
n=−∞
t∫
0
dτ1
t∫
0
dτ2fn(τ1 − τ2) = 2t2
∞∑
n=−∞
1∫
0
du(1 − u)fn(ut), (7)
where we have used the property f−n = f
∗
n.
Using the above transformation we obtain
Πµν(k, β) = − e
2
(4π)2
∞∑
n=−∞
∞∫
0
dt
t
1∫
0
du(1− u)
exp
(
−n
2β2
4t
+ inβkou− k2tu(1− u)
){
− kµkν(1− 2u)2
+i
nβ
t
(wµkν + wνkµ)(1 − 2u) + 2
t
gµν(δ(u) − 1) + wµwν n
2β2
t2
}
.(8)
We note that Eq. (8) coincides with Eq. (11) of ref. [9].
It is important at this level to compare our derivation with the one used in
[9]. The author of [9] has claimed that one could not use the translationally
invariant Green’s function of Eq. (2) at finite temperature. He claimed
that such a Green’s function is obtained by partial integration which will
give boundary terms at finite temperature. Our derivation has shown that
any expected boundary term, resulting from partial integration, cancels out.
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This allows the use of the translationally invariant Green’s function.
We proceed in a way similar to [9] to eliminate the δ function in Eq. (8).
Then by performing partial integration over u we obtain
Πµν(k, β) = − e
2
(4π)2
∞∑
n=−∞
∞∫
0
dt
t
1∫
0
du
exp
(
−n
2β2
4t
+ inβkou− k2tu(1− u)
){
(gµνk2 − kµkν)(1− 2u)2
+i
nβ
t
(wµkν + wνkµ − gµνw.k − k
2
ko
wµwν)(1 − 2u)
}
. (9)
It is necessary to verify gauge invariance of the above two point function.
This is done in the next section.
2.3 Transversality
It is easy to verify transversality by contracting the two point function with
kµ. To illustrate the transversality property, let us define Pµν as:
k2
ko
Pµν(k) = wµkν + wνkµ − gµνw.k − k
2
ko
wµwν . (10)
This tensor can be related to the photon transverse and longitudinal pro-
jectors by (see appendix A for the definition of the projectors)
Pµν = −PµνL −
k2o
k2
PµνT . (11)
The transverse and the longitudinal projectors are both transverse to kµ.
Besides the transverse projector is transverse with respect to the 3-vector
k. Hence the two point function could be written in terms of Pµν and gµν −
kµkν
k2
which are transverse. Therefore the two point function is manifestly
transverse.
3 World-line formalism and Feynman parameters
The world-line formalism and Feynman parametrization share the same
property of reducing any n-point Green’s function into a one loop integra-
tion. However it is well known that the Feynman parametrization is very
subtle at finite temperature. In what follows we will show that the variable
u in Eq. (9) is analogous to a Feynman parameter. Then we figure out the
above mentioned subtleties of Feynman parametrization and how they affect
the calculation of the two point function.
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3.1 Rewriting the two point function
We aim at rewriting the two point function in a form similar to a two point
function evaluated using Feynman parameters. Doing partial integration on
t in Eq. (9) we get rid of the 1/t2 and we obtain
Πµν(k, β) = − e
2
(4π)2
∞∑
n=−∞
∞∫
0
dt
t
1∫
0
du(1 − 2u)
exp
(
−n
2β2
4t
+ inβkou− k2tu(1− u)
){
− k
2k2
k2o
PµνL (1− 2u)
+
2
inβko
(
k2
k2o
)2
Pµν
}
+
3m2
2
k2
k2o
Pµν . (12)
The last term is a boundary term resulting from partial integration. The
thermal mass is defined as m2 = e2T 2/3. The t-integration gives a Bessel
function of second type [10]
1
2
∞∫
0
dt
t
exp
[
−x
2
(t+
z2
t
)
]
≡ K0(xz), (13)
where x = 2k2u(1 − u) and z = nβ/2
√
u(1− u)k2. By using the transfor-
mation n→ −n for negative n in the sum we obtain
Πµν(k, β) = − 4e
2
(4π)2
∞∑
n=1
1∫
0
du(1 − 2u)K0(nβ
√
u(1− u)k2)
×
{
− cos(nβkou)k
2k2
k2o
PµνL (1− 2u)
+2
(
k2
k2o
)2
Pµν
u∫
0
dx cos(nβkou)
}
+
3m2
2
k2
k2o
Pµν . (14)
The next step is to evaluate the sum over n. This is done via the method pro-
posed in appendix B. Using Eqs. (25)-(26), and performing the x-integration
in the above expression, the finite temperature dependence of the two point
function is found to be
Πµνβ (k) =
3m2
2
k2
k2o
Pµν − e
2
2π2
T
∞∑
m=−∞
{
−πk
2
k2o
Pµν
√
(ωm − ko)2
6
+∞∫
0
dyy2
1∫
0
du
[y2 − k2u2 + [k2 − 2koωm]u+ ω2m]2
×
[
− k
2k2
k2o
PµνL (1− 2u)2 +2u
k2
k2o
Pµν(k2 − 2koωm − 2k2u)
]}
.(15)
Where ωm = 2mπT are the standard Matsubara frequencies for bosons. A
further simplification could be done by integrating by part the term propor-
tional to Pµν in the above equation
Πµνβ (k) = −
e2
2π2
T
∞∑
m=−∞
∞∫
0
dyy2
1∫
0
du
[y2 − k2u2 + [k2 − 2koωm]u+ ω2m]2
×
[
− k
2k2
k2o
PµνL (1− 2u)2 +
4y2
3
k2
k2o
Pµν
]
+
3m2
2
k2
k2o
Pµν . (16)
This expression is analogous to a two point function, evaluated at one loop
level, in the imaginary time formalism after the application of Feynman pa-
rameterization (the u integral). To determine the momenta of the particles
in the loop we can consider y as the magnitude of a vector y. Then we per-
form the following change of variables p = y + uk. Having a y2 dependent
expression for the two point function, it is then possible to add any odd
function of y. Using Eq. (11) and adding the suitable odd function of y to
eliminate the u dependence in the numerator we obtain
Πµνβ (k) =
3m2
2
k2
k2o
Pµν + 2e2T
∞∑
m=−∞
∫
d3p
(2π)3
1∫
0
du
[P 2(1− u) + (k − P )2u]2
×
{
(p.p− (p.k)
2
k2
)PµνT +
k2
2k2k2o
[
(p− k)2 − p2]2 PµνL } (17)
with P ≡ (ωm,p).
The strict application of world-line formalism indicates that we could per-
form the u-integration. Then we can do analytic continuation to obtain
retarded or advanced two point function. This approach gives wrong re-
sults. To see this, note that the parameter u plays the role of a Feynman
parameter applied for the product of two propagators of momentum P and
(P − k). As we will show in the next section the naive application of Feyn-
man parametrization leads to wrong results at finite temperature. To avoid
the u-integration we ‘undo’ Feynman parametrization. It is then straight-
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forward to show that the two point function could be written as
Πµνβ (k) = −
3m2
2
gµν + e2T
∞∑
m=−∞
∫
d3p
(2π)3
4PµP ν − kµkν
P 2(P − k)2 (18)
which coincides with the expression obtained directly in the imaginary time
formalism. The first term on the right hand side of Eq. (18) is the contri-
bution of the 4-photon vertex, and the second term comes from the photon-
scalar coupling. In the imaginary time formalism there is a systematic way
of doing analytic continuation to obtain: retarded, advanced or Feynman
two point function
ΠµνR (ko) = Π
µν
β (ko + iǫ)
ΠµνA (ko) = Π
µν
β (ko − iǫ)
ΠµνF (ko) = Π
µν
β (ko + iǫko). (19)
However this method renders the world-line formalism useless. Since after a
huge computational effort we get an expression, for the two point function,
which is obtained by direct application of Feynman’s rules in the imaginary
time formalism.
Therefore: is it possible to cure the analytic structure of Eq. (17) with the
possibility of doing directly the u-integration? In the next section we try to
give an answer to this question.
3.2 Feynman parameters at finite temperature
As we have shown in the previous section the world-line formalism incor-
porate the use of Feynman parameter method. The Feynman parameter
method has a potential problem at finite temperature, and misleading re-
sults could be obtained [11]. The basic difference between the zero and
finite temperature field theory is that, in the former it is possible to write
any Green’s function entirely in terms of retarded or advanced propaga-
tors. At finite temperature one can not avoid the appearance of the product
of retarded and advanced propagators. Hence we could have the following
combination
1
a+ iǫ
1
b− iǫ (20)
where ǫ is an infinitesimal positive parameter. Applying “naive” Feynman
parameterization to this product will give:
1
a+ iǫ
1
b− iǫ = P
1∫
0
dx
[a(1 − x) + bx+ iǫ(1− 2x)]2 (21)
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the imaginary part of the denominator vanishes at x = 1/2. In ref. [12]
Weldon has shown that the correct way to do a Feynman integral is:
1
a+ iǫ
1
b− iǫ = P
1∫
0
dx
[a(1− x) + bx+ iǫ(1− 2x)]2 +
4πiδ(a + b)
a− b+ 2iǫ . (22)
This modification renders the use of Feynman parameterization very tricky.
To obtain the correct analytic structure one should add to the two point
function a very peculiar function, resulting from the δ term in Eq. (22).
We come now to the question asked in the previous section. Having an ’un-
derlying’ use of Feynman parametrization, the world line formalism suffers
from the same subtleties mentioned above. Hence a naive use of the world-
line formalism can not give the correct retarded or advanced two point func-
tion. To obtain the correct analytic structure of the two point function one
should correct the naive u-integration in Eq. (17) by adding the same func-
tion proposed by Weldon in [12]. However this is far from being systematic,
and can not be generalized to any n-point Green’s function.
4 Summary and outlook
In this paper we have studied the analytic features of the world-line formal-
ism. We have shown that a translationally invariant Green’s function could
be used at finite temperature. However this formalism has an intrinsic prob-
lem of analytic continuation. To solve this problem we can proceed in one
of the following ways:
• Rewrite the two point function, derived in the world line formalism, to
obtain an expression similar to the one obtained in the imaginary time
formalism. Hence it does not worth using the world-line formalism,
and a simpler method will be the direct application of the imaginary
time formalism.
• We could correct the analytic structure of the two point function by
adding an adhoc function. However this method is not systematic. We
can not implement such solution to obtain a self consistent world-line
formalism at finite temperature.
Our study has shown that the naive application of the world-line formalism
at finite temperature gives wrong results for the two point function. Hence
a real time approach to the world-line formalism would have save us from
9
the acrobatic way of obtaining the correct analytic behavior of any Green’s
function. However in the presence of external field the correct analytic
structure could be obtained by calculating directly the two point function
with this field.
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A projectors
In the rest frame of the plasma, the transverse and longitudinal projectors
are given by [13]
P
T
µo(k) = 0 , P
T
ij (k) = δij −
kikj
k2
P
L
ρσ(k) = −P
T
ρσ(k) + gρσ −
kρkσ
k2
. (23)
Those projectors are transverse with respect to the photon momentum k
kµP
µν
T,L
(k) = 0.
B Summation over n
The sum over the winding number n could be done using the following sum
rule of the Bessel function K0 [10]
∞∑
n=1
cos(nα)K0(nφ) =
1
2
(
γE + ln
φ
4π
)
+
π
2
√
φ2 + α2
+
1
2
∞∑
n=1
[
1√
φ2 + (2mπ − α)2 −
1
2mπ
]
+
1
2
∞∑
n=1
[
1√
φ2 + (2mπ + α)2
− 1
2mπ
]
(24)
Where γE is the Euler constant. By substituting α = βkou and φ =
β
√
u(1− u)k2 the sum over n in the two point function could be done.
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Being interested in the finite temperature part we can keep the β dependent
terms of the above sum:
∞∑
n=1
cos(nα)K0(nφ)|β = π
2
√
φ2 + α2
+
1
2
∞∑
n=1
1√
φ2 + (2mπ − α)2
+
1
2
∞∑
n=1
1√
φ2 + (2mπ + α)2
=
πT
2
∞∑
m=−∞
1√
−k2u2 + [k2 − 2koωm]u+ ω2m
(25)
where ωm = 2πmT are the Matsubara frequencies. A further simplification
can be done if we transform the square root into a simple fraction. This can
be achieved using
∞∫
0
y2dy
(y2 + a)2
=
π
4
√
a
. (26)
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